The class of beta-generated distributions (Commun. Stat. Theory Methods 31:497-512, 2002; TEST 13:1-43, 2004) has received a lot of attention in the last years. In this paper, three new classes of bivariate beta-generated distributions are proposed. These classes are constructed using three different definitions of bivariate distributions with classical beta marginals and different covariance structures. We work with the bivariate beta distributions proposed in (J. Educ. Stat.
http://www.jsdajournal.com/content/1/1/15 marginal distributions of the first model share one of the shape parameters, and the structure of dependence satisfies TP2 condition (see Section 3). The marginals of the second model are free, and the different pairwise of marginals are associated (see Section 3). The third model is the more flexible, in the sense than all the marginals are free (they do not share any shape parameter) and the covariance structure admits correlations of any sign.
On the other hand, these classes of distributions present several fields of applicability. For example, bivariate beta generated distributions with classical beta marginals are natural choices to be used as prior distributions for the parameters of correlated binomial random variables (with any sign for the correlation) in Bayesian analysis (see Apostolakis and Moieni 1987; Arnold and Ng 2011) .
In this work, three new classes of bivariate BG distributions are proposed. These classes are constructed using three alternative definitions of bivariate distributions with classical beta marginals and different covariance structures. We work with the bivariate beta distributions proposed by Libby and Novick (1982) , Jones (2001) and Olkin and Liu (2003) for the first proposal, El-Bassiouny and Jones (2009) for the second proposal and Arnold and Ng (2011) for the third one. For each of these three classes, the main properties are obtained. Some specific bivariate BG distributions are studied. Finally, some empirical applications with well-being data are presented.
The contents of this paper are as follows. In Section 2 we present some basic properties of the class of the BG distributions and a brief review about two multivariate extensions of the BG distribution. Section 3 considers and studies the three classes of bivariate BG distributions and their main properties as well as to introduce three specific bivariate distributions. A number of applications of these distributions to fit well-being data are presented in Section 4. Finally, some conclusions and future research directions are given in Section 5.
Some univariate and multivariate beta-generated distributions

The univariate class of beta-generated distributions
In this section we present basic properties of the class of BG distributions. We begin with an initial baseline probability density function (PDF) f (x), where the corresponding cumulative distribution function (CDF) is represented by F(x). The class of BG distributions is defined in terms of the PDF by (a, b > 0),
where B(a, b) = (a) (b)/ (a + b) denotes the classical beta function. A random variable X with PDF (1) will be denoted by X ∼ BG (a, b; F) . The CDF associated to (1) is,
G F (x; a, b) = I F(x) (a, b),
where I F(x) (·, ·) denotes the incomplete beta ratio. If B ∼ Be (a, b) represents the classical beta distribution, a simple stochastic representation of (1) is,
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This representation permits a direct simulation of the values of a random variable with PDF (1), which can be also used for generating multivariate versions of the BG distribution. The raw moments of a BG distribution can be obtained by,
An important number of new classes of distributions have been proposed using this methodology. Some representatives examples of BG distributions include the generalized beta of the first kind (GB1) proposed by McDonald (1984) , the generalized beta of the second kind (GB2) proposed and studied by Venter (1983) and McDonald (1984) , the log F distribution (Barndorff-Nielsen et al. 1982) , the beta-normal distribution (Eugene et al. 2002) , the beta-exponential distribution (Nadarajah and Kotz 2006) and the Skew-t distribution (Jones 2004) .
Some extensions of this family have been proposed by Alexander and Sarabia (2010) , Alexander et al. (2012) , Cordeiro and de Castro (2011) and Zografos (2011) . Other alternative flexible families of distributions can be found in Alzaatreh et al. (2013 Alzaatreh et al. ( , 2014 and Lee et al. (2013) .
If a = i and b = n − i + 1 in (1), we obtain the PDF of the i-th order statistic from F (Jones 2004) . Below, we highlight some representative values of a and b,
• If a = n and b = 1, we obtain the distribution of the maximum.
• If a = 1 and b = n, we obtain the distribution of the minimum.
• If a = b, we obtain a family of skew distributions.
Parameters a and b control the tailweight of the distribution. Specifically, the a parameter controls left-hand tailweight and the b parameter controls the right-hand tailweight of the distribution. On the other hand, a = b yields a symmetric sub-family, with a controlling tailweight. If a = b = 1 the BG family is always symmetric if the baseline function F(x) is symmetric. In this sense, the BG distribution accommodates several kind of tails. For example (see Jones 2004) ,
Two previous classes of multivariate extensions of beta-generated distributions
There are two proposals for multivariate extensions of BG distributions. The first proposal used the joint PDF of a subset of order statistics, and has been proposed by Jones and Larsen (2004) . The second proposal used the so called Rosenblatt construction (Rosenblatt 1952) , and has been proposed by Arnold et al. (2006) . These two alternatives are not related with the multivariate BG distributions studied in this paper.
Three classes of bivariate beta-generated distributions
In this section we introduce three new classes of bivariate BG distributions. These three classes are constructed combining the basic stochastic representation (2) with three recent definitions of bivariate beta distributions proposed in the literature. The three definitions differ from each other in the marginal distributions and in the flexibility of the covariance structure. First, we need some previous notation. Let X be a http://www.jsdajournal.com/content/1/1/15 random variable distributed as the classical gamma denoted by X ∼ G a , with PDF
−1 x a−1 e −x , with x ≥ 0 and a > 0. Then, if X 1 ∼ G a and X 2 ∼ G b are independent gamma random variables, the transformed random variable X = X 1 /(X 1 + X 2 ) is distributed as the classical beta distribution with parameters (a, b).
The first class of bivariate beta-generated distributions
The first class of bivariate beta-generated distribution is based on the following class of bivariate beta distribution.
Definition 1. Let G a 1 , G a 2 and G b be three independent gamma random variables with a 1 , a 2 , b > 0. The first class of bivariate beta distribution is defined by the stochastic representation,
This class was initially proposed by Libby and Novick (1982) and then studied by Jones (2001) and Olkin and Liu (2003) . Now, using (3) we define the following class of bivariate BG distributions.
Definition 2. Let G a 1 , G a 2 and G b be three independent gamma random variables with a 1 , a 2 , b > 0. The first class of bivariate BG distribution is defined by the stochastic representation,
where F 1 (·), F 2 (·) are genuine CDF.
Basic properties
In this section we study some basic properties of the bivariate BG distribution defined in (4). The marginal distributions of (4) are BG distributions,
Note that both marginals share the second shape parameter b. However, this fact does not make the model less flexible, since both baseline distributions F 1 and F 2 are different. Using the joint PDF of the bivariate beta distribution (3) (See Appendix), we obtain the joint PDF of the first class of bivariate BG distribution given by,
where
. An alternative expression of (5) in terms of the PDF of the BG distribution is,
where g F (x; a, b) represents the PDF defined in (1). The joint PDF can be also written as an infinite mixture,
where d = (a 1 +b) (a 2 +b) (b) (a 1 +a 2 +b) and
The conditional distribution of X 1 given X 2 is,
, and the regression function of X 1 given X 2 is,
In order to study the dependence between X 1 and X 2 , we consider the local dependence function defined by (Holland and Wang 1987) ,
We use the definitions of total positivity of order 2 (TP 2 ) functions and reverse rule of order 2 (RR 2 ) functions, which are the following.
for all x ≤ u and y ≤ v.
The following result relates the local dependence function γ (x 1 , x 2 ) with the TP 2 and RR 2 (see Theorem 7.1 in Holland and Wang 1987) . Theorem 1. Let f (x 1 , x 2 ) be the joint PDF of (X 1 , X 2 ) with support on a set S where the
For the first class of BG distribution, it can be verified that
and then X 1 and X 2 are TP 2 . As a consequence, the linear correlation coefficient between X 1 and X 2 is always positive. It can be proved (see Shaked 1977) that if the joint PDF f (x 1 , x 2 ) is TP 2 (RR 2 ), then the conditional hazard rate of X 1 |X 2 = x 2 is decreasing (increasing) in x 2 . A similar property holds for the other conditional distribution X 2 |X 1 = x 1 . As the PDF in (5) is TP 2 , this property shows the monotonicity properties of the hazard rate functions of the conditional distributions of X 1 |X 2 = x 2 as a function of x 2 and the X 2 |X 1 = x 1 as a function of X 1 . http://www.jsdajournal.com/content/1/1/15
On the other hand, because X 1 and X 2 are increasing functions of independent random variables, X 1 and X 2 are associated random variables (Esary et al. 1967) .
Expressions for the cross moments E X r 1 1 X r 2 2 can be obtained from (5) or in terms of an infinite mixture from (6). On the other hand, if b > r, it can be shown that,
Extension to higher dimensions
The extension to higher dimensions is direct. The m-dimensional random vector is defined as,
The marginal distributions are
The joint PDF of (7) is given by,
The second type of bivariate beta-generated distributions
The second type of bivariate BG distribution is motivated by the fact of having a bivariate distribution with arbitrary BG marginals. This second class is based on the following class of bivariate beta distribution, which was proposed by El-Bassiouny and Jones (2009).
Definition 4. Let G a i , i = 1, 2, 3, 4 be independent gamma random variables, where a i > 0, i = 1, 2, 3, 4. The second class of bivariate beta distribution is defined by the stochastic representation,
Now, we define the second class of BG distributions.
Definition 5. Let G a i , i = 1, 2, 3, 4 be independent gamma random variables, where a i > 0, i = 1, 2, 3, 4. The second class of bivariate BG distribution is defined by the stochastic representation,
Basic properties
The marginal distributions are BG distributions with arbitrary parameters,
Using the joint PDF (8) (see Appendix), the joint PDF of this second class of bivariate BG distributions is given by,
.; ] the Gauss confluent hypergeometric function. The conditional density function of
B(a 1 ,A−a 1 )B(a 2 ,A−a 2 ) and the conditional density function of
The regression function of X 1 given X 2 is,
] a 1 and the regression function of X 2 given X 1 is,
The cross-product moments can be obtained as,
where (Z 1 , Z 2 ) is the bivariate random variable with joint PDF given by equation (23). Note that (10) can be computed easily by simulation from samples of the random variable (Z 1 , Z 2 ). The local dependence function is given by,
The second term in (11) is long and will not be included here. The random variables X 1 and X 2 are associated and then the linear correlation coefficient is always non-negative (see Definition I.11 and Proposition I.13 in Marshall and Olkin (2007) ).
Multivariate extensions
A multivariate extension of (9) is also possible. We define,
where the marginal distributions are BG distributions with parameters,
The third type of bivariate beta-generated distributions
The next class of bivariate beta distribution is the more general class in the sense that the marginal distributions have arbitrary parameters and admits any sign for the linear correlation coefficient. The following definition was proposed by Arnold and Ng (2011) .
Definition 6. The third class of bivariate beta distribution is defined by the stochastic representation,
where G a i , i = 1, 2, 3, 4, 5 are independent gamma random variables, where
Now, we define the third class of BG distributions.
Definition 7. Let G a i , i = 1, 2, 3, 4, 5 be independent gamma random variables with a i > 0, i = 1, 2, 3, 4, 5. The third class of bivariate BG distribution is defined by the stochastic representation,
Basic properties
The marginal distributions of (12) 
The joint PDF of (12) is given by,
where (24) in the Appendix. The conditional density function of X 1 |X 2 = x 2 is,
where k = B(a 2 + a 4 , a 3 + a 5 ) and the conditional density function of
) a 2 +a 4 −1 and the regression function of X 2 given X 1 is,
The local dependence function can be written as,
In a similar way, the cross-product moments can be obtained using formula (10), where now (Z 1 , Z 2 ) is the bivariate random variable with joint PDF given by (24).
The covariance structure of (12) is flexible and the sign of the linear correlation coefficient can be positive or negative.
Multivariate extensions
The general multivariate version of the third class of BG distribution is based on the multivariate beta distribution proposed by Arnold and Ng (2011) . Using this definition, the extension of (12) to dimensions higher than two is,
where G a i , G b i , i = 1, 2, . . . , m and G c are independent gamma random variables.
Estimation
Here we derive the maximum likelihood (ML) estimator of the parameters of the BG family of the first type defined in (4). Let (x 1i , x 2i ), i = 1, 2, . . . , n be a random sample of size n from (5), where we assume that both baseline functions are F 1 (x 1 ; τ 1 ) and F 2 (x 2 ; τ 2 ), where τ i , i = 1, 2 is a p i × 1, i = 1, 2 vector of unknown parameters of the parent distributions. The log-likelihood function for θ = (τ 1 , τ 2 , a 1 , a 2 , b) may be written,
where we have used the notationF i (·;
This expression may be maximized either directly, e.g. using the Mathematica software function FindMaximum (see Wolfram Research, Inc. 2010), the SAS procedure NLMIXED (SAS Institute, Inc. 2010), the R software functions nlm or optim (R Development Core Team 2011), or the MATLAB function fmincon (The Mathworks, Inc. 2011), among others, which provides numerical algorithms for nonlinear optimization), or by solving the nonlinear equations obtained by differentiating expression (13).
Initial estimates of the parameters a 1 , a 2 and b can be inferred from estimates of τ 1 and
, we obtain the following expressions,
If m 1 , m 2 and m 12 are the sample versions of previous moments, solving Equations (14) to (16) for a 1 , a 2 and b we have:
The components of the score vector U(θ) are given by,
,
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For obtaining interval estimation and hypothesis testing on the model parameters, we need the observed information matrix. The (p 1 + p 2 + 3, p 1 + p 2 + 3) observed matrix J = J(θ) can be obtained by taking partial second derivatives in the score vector U(θ). Assuming conditions that are fulfilled for parameters in the interior of the parameter space (but not in the boundary), the distribution of √ n θ − θ is asymptotically normal N p 1 +p 2 +3 0, I(θ ) −1 , where I(θ ) denotes the expected information matrix. As usual, we can substitute I(θ ) by J θ , that is, the observed information matrix evaluated atθ and then, the distribution N p 1 +p 2 +3 0, J(θ ) −1 can be used to construct approximate confidence intervals for the parameters. The estimation of the other two models (9) and (12) requires a detailed study, which is beyond the scope of this paper and will be object of future research.
To finish this section, it should be mentioned that all the models proposed in this paper (4, 9 and 12) and their multivariate extensions can be enriched including location and scale parameters.
Some specific bivariate distributions
In this section we propose three specific bivariate BG models.
Bivariate Beta-Normal distributions
This model is a direct bivariate extension of the beta-normal distribution considered by Eugene et al. (2002) 
where μ i ∈ R and σ i > 0, i = 1, 2 and (z) is the CDF of a standard normal distribution, we obtain the bivariate joint PDF,
where a 1 , a 2 , b > 0.
Bivariate GB1 income distributions
If we take F(x) = x a in (1), we obtain the generalized beta distribution of the first kind (GB1) (see McDonald 1984) , which will be denoted by
i , with i = 1, 2 and using Equation (5) we obtain,
with 0 ≤ x 1 , x 2 ≤ 1. The marginal distributions are X 1 ∼ GB1(p 1 , q, a 1 ) and X 2 ∼ GB1(p 2 , q, a 2 ). If we set a 1 = a 2 = 1 in (20), we obtain the bivariate beta proposed by Olkin and Liu (2003) . http://www.jsdajournal.com/content/1/1/15
Bivariate GB2 income distributions
Now if we take F(x) = 1 − 1/(1 + x a ) in (1), we obtain the generalized beta distribution of the second kind (GB2) (see McDonald 1984) , which will be denoted by X ∼ GB2 (p, q, a) .
i ), with i = 1, 2 and using formula (5) we have,
where the marginal distributions are X 1 ∼ GB2(p 1 , q, a 1 ) and X 2 ∼ GB2(p 2 , q, a 2 ).
Applications
To illustrate the methodology developed in this paper, we have fitted the bivariate BG model of the fist type defined in (4) to estimate the international distribution of well-being for the period 1980-2010. The estimation method is based on the formulation developed in Section 3.4. It should be worth noting that we have focused on three dimensions of well-being, namely income, health and education. Since these components present a positive correlation, the first type of BG distributions given by (4) is specially suitable in this case.
The data
We have used the most recent available data from International Human Development Indicators (UNDP 2012) on the HDI and its three components for the period 1980-2010 with five years intervals. Note that we consider well-being as a multidimensional process which, in addition to economic variables, also involves social aspects such as health and education. In this context, the Human Development Index provides an excellent theoretical benchmark to make multidimensional assessments of well-being. Then, we have focused on three dimensions of quality of life: income, educational standards and health. In particular, we focus on the single-dimensional indices of the HDI, which are three normalized variables placed on scale 1-0. This structure of the data is specially representative in this case since we consider Beta and GB1 marginals for the BG models. Income is represented by Gross National Income per capita measured in PPP 2005 US dollars, to make incomes comparable across countries and over time. The health component is represented by life expectancy at birth, which is considered an indicator of the health level.The education index is made up of two indicators, expected years of schooling and mean years of schooling, which are aggregated using the geometric mean. The first educational variable informs about the number of years that a child of school entrance age can expect to receive if prevailing patterns of age-specific enrollment rates persist throughout the child's life (UNDP 2012). The second indicator reports the average number of years of education received by people aged 25 and older, converted from education attainment levels using official durations of each level (Barro and Lee, 2013) . Originally, our sample comprised only 105 countries, covering less than the 75 percent of global population. We had non-available data for 26 countries for one or more years before 1995. In order to offer comparable results across periods and to not restricting the sample considerably, missing values have been estimated. The estimation of these missing values has been based on two complementary methodologies which jointly offered feasible and consistent results according to the sample: piecewise cubic Hermite interpolating polynomial (PCHI) and the average rate of change, which was used when PCHI offered unfeasible estimations or out of range results. The interpolated values have been obtained using the command pchip of the R package Signal, which uses the methodology described by Fritsch and Carlson (1980) . After this procedure, our data set includes 132 countries whose indicators of income, health and education are available for eight points of time (see Appendix for details). Consequently, the sample covers over 90 percent of the world population during the whole period. 
Fitted models and results
The bivariate data consist of three pairs of variables (income,education), (income,health) and (education, health). We have fitted the class of models given by Equation (4) with three specifications for the baseline CDFs: 1980 -292.88 -352.59 -174.12 -180.00 -279.48 -288.67 1985 -309.52 -354.03 -206.89 -217.35 -332.58 -354.54 1990 -304.40 -340.63 -213.99 -228.01 -344.03 -380.03 1995 -291.33 -313.41 -206.65 -217.94 -332.39 -370.94 2000 -291.77 -296.28 -207.64 -217.52 -325.00 -354.22 2005 -296.81 -306.00 -210.98 -213.52 -323.60 -340.72 2010 -330.82 -327.52 -215.63 -213.91 -317.16 -318.24 Smaller values indicate better fitted models.
The first model (with classical beta marginals) depends on 3 parameters, and the second and third models (with GB1 and BG truncated exponential marginals) are characterized by 5 parameters. The three models have been estimated by maximum likelihood using the equations given in Section 3.4. In total, we have fitted 7 × 3 × 3 = 63 different models. The initial estimates of the parameters have been obtained using Equations (17) to (19). In the case of the model with classical beta marginals, initial estimates are quite close to the ML estimators because they are based on sufficient statistics.
For the three pairs of variables, we have compared both models using the Akaike information criterion (AIC), defined by (Akaike 1974 
where log L = θ is the log-likelihood of the model evaluated at the maximum likelihood estimates and d is the number of parameters. We chose the model with the smallest value of AIC statistic. Tables 1, 2 , 3, 4, 5 and 6 show the parameter estimates and their standard errors for the three alternative models considered: BG distribution with classical beta marginals (3 parameter model p 1 , p 2 , q) and with GB1 and BG truncated exponential marginals (5 parameter model p 1 , p 2 , q, a 1 , a 2 ), which have been fitted to pairs of the variables: -333.49 -188.88 -286.86 1985 -342.58 -223.42 -350.60 1990 -323.42 -233.30 -375.72 1995 -300.82 -230.08 -373.12 2000 -295.86 -233.28 -363.92 2005 -303.35 -233.61 -364.73 2010 -332.99 -237.16 -359.70 Smaller values indicate better fitted models. http://www.jsdajournal.com/content/1/1/15
1980
Education, Health and Income. In particular, Tables 1 and 4 show the results obtained  for Education & Health, Tables 2 and 5 show the corresponding results for Education & Income, and Tables 3 and 6 for Income & Health. The estimations have been performed by maximum likelihood, focusing on quinquennial periods from 1980 to 2010. It can be seen that, assuming the asymptotic normality of the maximum likelihood estimates, most of the estimates are statistically significant at a 0.05 level of significance.
In order to illustrate the interval estimation of the parameters in Section 3.4, we have included the asymptotic confidence intervals at 95 percent for the models with beta and GB1 marginals (Tables 7, 8 and 9) . Tables 10 and 11 show the values of the AIC statistic (Equation (21) geography of the bivariate data adequately, being more accurate in the case of the BG distribution with GB1 marginals, as concluded from the results of the Akaike information criteria.
Conclusions
The main conclusions of this paper are the following. Three different classes of bivariate BG distributions have been presented. These classes have been constructed using three different definitions of bivariate beta distributions, proposed by Libby and Novick (1982) , Jones (2001) and Olkin and Liu (2003) The main properties of these three classes have been studied. Three specific bivariate BG distributions have been obtained. Finally, an empirical application with well-being data has been presented. The future research about bivariate BG distributions moves in three directions. The first line research is to propose specific models for their practical use in statistical modeling. The study of these possible models in any dimension could be an interesting field of research. Secondly, we propose to study statistical inference methodologies for bivariate (and, more generally, multivariate) BG distributions in (9) and (12). Finally, we propose to establish a model competition between BG distributions in (4), (9) three-parametric exponential family, where sufficient statistics for (a 1 , a 2 , b) are given by,
(1 − y 1i ) (1 − y 2i ) 1 − y 1i y 2i .
For n = 1, the distributions of the sufficient statistics are:
where B2(a, b) denotes beta distribution of the second kind.
The log-moments of (22) are:
The joint PDF of the bivariate beta density (8) 
Description of the data set
The list of countries used in the analysis are the following: Afghanistan, Guatemala, Pakistan, Albania, Guyana, Panama, Algeria, Haiti, Papua New Guinea, Argentina, Honduras, Paraguay, Armenia, Hong Kong, China (SAR), Peru, Australia, Hungary, Philippines, Austria, Iceland, Poland, Bahrain, India, Portugal, Bangladesh, Indonesia, Qatar, Belgium, Iran (Islamic Republic of ), Romania, Belize, Ireland, Russian Federation, Benin, Israel, Rwanda, Bolivia (Plurinational State of ),
